COUNTING IMAGINARY QUADRATIC POINTS VIA 
UNIVERSAL TORSORS, II 

ULRICH DERENTHAL AND CHRISTOPHER FREI 

Abstract. We prove Manin's conjecture for four singular quartic del Pezzo 
£/") , surfaces over imaginary quadratic number fields, using the universal torsor 

method. 
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1. Introduction 

> ■ 
*vi , Let K be a number field, S a del Pezzo surface defined over K with only 

ADE-singularities, U the open subset obtained by removing the lines from S, 

and H a height function on S coming from an anticanonical embedding. If S(K) 

is Zariski dense in S then generalizations (e.g. }BT98bj ) of Manin's conjecture 

■^j- ' [FMT 89. BM90 predict an asymptotic formula, as B — > 00, for the quantity 

o 

(TV N UtB {B):=\{K£U(K)\H(x)<B}\, 



namely 

Nu,h(B) = c s , H B(logB)P- 1 (l + o(l)), 



where p is the rank of the Picard group of a minimal desingularization of S and 



cs,h is a positive real number. 

Much progress was made in recent years in proving Manin's conjecture for specific 
del Pezzo surfaces over Q via the universal torsor method. In DF13J, the authors 
extended this method to imaginary quadratic fields in case of a quartic del Pezzo 
surface of type A3 with five lines. 

In the present article, we continue this investigation by proving Manin's conjec- 
ture over imaginary quadratic fields for quartic del Pezzo surfaces of types A3 + Ai , 
A4, D4, and D5. 

For more information about Manin's conjecture and the universal torsor method, 
we refer to the introductory section of |DF13) and the references mentioned there. 
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1.1. Results. Let if be an imaginary quadratic field. We define the anticanonically 
embedded quartic del Pezzo surfaces S, C P K over K by the following equations: 



So 


X Xi - X2X3 = X X 3 + XiX 3 + X2X4 


= 


of type A3 (5 lines) 


(1.1) 


Si 


X X 3 - X2X4 = X Xi + X1X3 + x\ 


= 


of type A3 + A1, 


(1.2) 


s 2 


XqXi - X 2 X 3 — X X4 + X\X 2 + x\ 


= 


of type A4, 


(1.3) 


S3 


XQX3 — X1X4 = XqX\ + X1X3 + x\ 


= 


of type D4, 


(1.4) 


s 4 


xqX\ — x\ = x\ + X0X4 + a:i2 2 


= 


of type D 5 . 


(1.5) 



All of them are split over K , hence rational over K , and therefore, their rational 
points over K arc Zariski dense. The Weil height on P|j- (K) is defined by 

H{x ° ■-•**)- m(x o K + --. + x 4 o K )> (L6) 

where Ok is the ring of integers in K, Hl^ := | • | 2 is the square of the usual 
complex absolute, and 91o is the absolute norm of a fractional ideal o. 

For So, Manin's conjecture was proved over Q and imaginary quadratic fields 
in [DF13J . For Si, S2, S3, S4, Manin's conjecture was proved over Q in |Der09j . 
BD09J, |DT07j . |BB07| . respectively. In this article, we prove Manin's conjecture 
for Si, . . . , S4 over imaginary quadratic fields: 

Theorem 1.1. Let K be an imaginary quadratic field, Ak its discriminant, hx 
its class number, ujk the number of units in Ok- For i £ {1,...,4}, let Ui be the 
complement of the lines in the del Pezzo surface Si C V K defined by (|1.2p - (|1.5[) . 
For B > 3, we have 



N UiiH (B) = c Si , H B{logB) 5 + 0{B(logB)*loglogB) 



with 



(2TT) e h e 



cs % ,h ■■= a(Si) ■ —4 — — • 9 • Woo (Si). 



Here, 



a (^i) := 3^77^' "(^2) := 01gf . n ! «(S 3 ) := -._„- , a(S 4 ) := 



8640 v ' 21600 v ' 34560 v ' 345600 

«-n('-^)'( 1 + ^ + 55»)- ^ 

and 

Woo(Si) := — / dz dzidz 2 , 

K J\\Z0Z 1 (Z0+Z 2 )\\ <x> ,\\zf\\ ao ,\\zl(Z0+Z 2 )\\ oo ,\\z 1 Z2(z +Z 2 )\\ !yc> Mz Z 2 (z +Z2)\\ tx> <l 

Woo(S 2 ) :— — / dz dzidz 2 , 

71 J \\4\\ oo ^0Z2Z 3 \\ ao ,\\z^z 2 \\ oo ,\\zp 3 \\ oo ,\\z 3 (zi+z z 3 )\\ oo <l 

12 f 

Woo(S 3 ) := — / dz dzidz 2 , 

n •'ll^ilL.II^IL.II^^IL.Ikic^i+^IL.II^c^i+^Dii^^i 

Woo(S 4 ) := — / dz dzidz 2 . 

'|«o«f+*?|| <1 



n 



We note that Manin's conjecture for S4 is implied by [CLT02] over arbitrary 
number fields, since S4 is an equivariant compactification of G 2 . On the other 
hand, So, . . . , S3 are neither toric nor equivariant compactifications of G 2 ( DLlOj . 
so that |BT98al ICLT02] do not apply. Finally, Si and S 3 (but not S , S 2 , S 4 ) 
are equivariant compactifications of some semidirect products G a x G m |DL12j . 
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so similar methods as in jBT98a, CLT02J may apply to them, but this has been 
worked out only over Q and with further restrictions in |TT12j . 



1.2. Methods. The general strategy in our proofs of Theorem 1 1.1 1 for Si, . . . , S4 
is the one proposed in (DF13J : 

In a first step, the rational points Si{K) are parameterized by integral points 
on universal torsors over Si, satisfying certain height conditions and coprimality 
conditions, following the strategy from |UF13i Section 4] . Since the Cox rings of all 
minimal desingularizations S» have only one relation |Der06) . the universal torsors 
are open subsets of hypersurfaces in A 9 K , with coordinates (771, . . . ,779) and one 
relation, the torsor equation. 

In the second step, we approximate the number of these integral points on univer- 
sal torsors subject to height and coprimality conditions by an integral. In all cases 
779 appears linearly in the torsor equation, so it is uniquely defined by 771 , . . . , 773 . 
We first count pairs (778,779) for given (771, . . . ,777) using the method from [DF131 
Section 5] and then sum the result over another variable using the results from 
DF13, Section 6]. The summations over the remaining variables are handled in all 
cases by a direct application of the results of [DF131 Section 7] . 

In a third and final step, we show that the integrals from the second step satisfy 
the asymptotic formulas from Theorem ll.il Here, the shape of the effective cone of 
Si is crucial; after all, the volume of its dual intersected with a certain hyperplanc 
appears as a(Si) in Peyre's refinement |Pey95| of Manin's conjecture. 

Though the proofs for So, . . ., S4 have many features in common, each case has 
its own difficulties. 

In the case of So, the first step is mostly covered by our general results from 
|DF13| , whereas the second step requires dichotomies with different orders of sum- 
mation according to the relative size of the variables. 

The first step in the case of Si is mostly covered by the general results as well, 
but the second summation in the second step requires additional effort in order to 
obtain sufficiently good error terms. 

In the case of S2, parts of the first step need to be treated individually, and 
the second summation in the second step is more complicated, since 77s does not 
appear linearly in the torsor equation. Additionally, the second summation requires 
a dichotomy similarly as in the case of So, in order to handle the error terms. 

The case of S3 is probably the most simple one. Parts of the first step need to 
be treated individually, but the summations in the second step go through without 
additional tricks, so it just remains to bound the error terms. 

Finally, in the case of S4, parts of the first step need to be treated individually, 
and the second summation in the second step is slightly more complicated, since 
778 does not appear linearly in the torsor equation. 

1.3. Notation. Throughout this article, we use the notation introduced in DF13, 
Section 1.4]. In particular, C denotes a fixed system of integral representatives for 
the ideal classes of the ring of integers Ok- Moreover, p always denotes a nonzero 
prime ideal of Ok, and products indexed by p are understood to run over all such 
prime ideals. We say that x £ K is defined (resp. invertible) modulo an ideal o 
of Ok, if Vp(x) > (resp. v p (x) = 0) for all p | a, where v p is the usual p-adic 
valuation. For x, y defined modulo a, we write x = a y if v p (x — y) > v p (a) for all 
p I o. 

Acknowledgements. The first-named author was supported by grant DE 1646/2- 
1 of the Deutsche Forschungsgemeinschaft and by the Hausdorff Research Insti- 
tute for Mathematics in Bonn which he would like to thank for the hospitality. 
The second-named author was partially supported by a research fellowship of the 
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2. The quartic del Pezzo surface of type A 3 + Ai 

2.1. Passage to a universal torsor. Up to a permutation of the indices, we use 
the notation of |Der06] . 




FIGURE 1 . Configuration of curves on Si 

For any given C = (C , . . . , C 5 ) <= C 6 , we define u c := 9t(CgCf * ■ ■ ■ C 5 -1 ) and 
0i := C5 O2 := C4 O3 :— CqC 1 C 4 C 5 

O4 := CiC 2 O5 := C3 06 : = C2C3 



07 ; — C0C1 C 2 C 3 08 : — CoC 4 0g :— CqC 5 . 



Let 



0, 



0f, 



je{i,...,7}, 



Oi. ie{8,9}. 



For rjj e 0j, let 

For B > 0, let 7e(B) be the set of all (771, . . . , rj 8 ) 6 C 8 with ?)i/0 and 



\mmmmmimmmm + mm) 



mmvl + mvhhhs 



Vi 



<B, 



<B. 



We observe for future reference that (|2.ip and (|2.4[) imply the condition 

IM^6^IL<4£. 

Let M C (B) be the set of all 

(771, . . . , 779) eOi,x---x0 9 , 
that satisfy the height conditions 

(Vi,---,Vs) € TZ(u c B), 
the torsor equation 

mvlnlm + mm + mm = 0, 

and the coprimality conditions 

Ij + If. = Ok for all distinct nonadjacent vertices Ej, Ek in Figure [TJ 



Lemma 2.1. We have 



N UuH (B) = \Y. \ M o{B)\- 



(2.1) 
(2.2) 
(2.3) 
(2.4) 

(2.5) 
(2.6) 



(2.7) 
(2.8) 



cee 6 
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Proof. We observe that the statement of our lemma is a specialization of [DF131 
Claim 4.1]. We prove it using the strategy from |DF131 Section 4] based on the 
construction of the minimal desingularization n : Si — )• Si by the following sequence 
of blow-ups: Starting with the curves E$ :— {y Q = 0}, £3 := {j/i = 0}, E 9 :— 



{V2 = 0}, E 7 ' 



(o) .. 



{-2/0 - 2/2 

(0) , , , 



0} in 



K- 



(1) blow up E^' n E { 7 °\ giving E { 1 ] 



(2) blow up El 1 ' n E\ 

(3) blow up EP n E { 7 2) 

(4) blow up E ( 3 3) n E^ 3) 

(5) blow up E^ ] n E^ 



giving ££ ', 
giving ££ , 



giving 2?£ 



(4) 



p(5) 



S'i 



A"' 



giving E 1 } 
With the inverse 7r o p^ 1 : P 2 ^ --4 Si of the projection </> = p o it 
(xq : ■ ■ ■ : x&) i-> (xq : x 2 : x 3 ) given by 

^((2/o : Vi ■ 2/2)) = (2/02/1(2/0 + 2/2) : -J/i : 2/1(2/0 + J/2) : 2/12/2(2/0 + 2/2) : 2/02/2(2/0+2/2)) 

(2.9) 
and the map \P from [DF13, Claim 4.2] sending (771, ... , ?yg) to 

we can proceed exactly as in the proof of |DF13[ Lemma 9.1] 
2.2. Summations. 



□ 



2.2.1. The first summation over i]8 with dependent rjg. 

,777) and!' := (Ii,...,I 7 ). For B > 0, C e C 6 ,. 



Lemma 2.2. Write r\' := (rji 
we have 

2 



\M C (B)\ = 



V\ a k\ n'zOi.y.- 



J2 9 8 (I')V 8 (mi u . . .,mi 7 ; B) + O c (B(\ogB) 2 ), 



xO r 



wht 



,t 7 ;B):=~ f 



V 8 (h, 

with a complex variable r/g, and where 

6 8 (I'):=l[e 8 , p (J p (I')), 



VU,V8\B)<1 



d?78, 



with Jp(I') 



78, p 



(J):- 



= {j 


6{1 


(1 




1- 

< 

1- 


1 

2 
9lp 







. . .,7} : p J Ij} and 

*/J = ; {l}, {2},{7} ; 

tf J = {4},{5},{6},{1, 3},{2, 3},{3, 4} 7 {4, 6},{5, 6},{5, 7}, 

i/J = {3} ; 

otherwise. 



Proof. By [DF131 Lemma 3.2], the set Tl{rf , u c B) of all r} 8 e C with (r?i, . . . ,?? 8 ) 6 
TZ(ucB) has class m, with an absolute constant m. Moreover, by [DF131 Lemma 
3.4, (1)] applied to (12.51) . this set is contained in the union of at most 2 balls of 
radius 



r(v';u c b) ■= (w c £|bi% VIJ 174 «c (Bmihi^i, 1 )) 



1/4 



We apply [DF131 Proposition 5.3] with (A 1 ,A 2 ,A 3 ,A ) ■- (4,6,5,7), (B U B ) := 
(2,8), (Ci,Co) := (1,9), D := 3, and uc-B instead of i?. (Moreover, we choose LTi 
and n 2 as in [DF131 Remark 5.2].) 
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Similarly as in ;DF13, Lemma 9.2], we see that the resulting main term is the 
one given in the lemma. The error term from [DF131 Proposition 5.3] is 

„ V- ou, K (i 3 )+w K (i 3 i 4 hie) ( R{ri';u c B) \ 

77', J^Tot \ V. -w / 

where, using (|2.3p and the definitions of «c and the Oj, the sum runs over all rj 
with 

^{hhlllllplh) < B. (2.10) 

Since \O k \ < oo, we can sum over the Ij instead of the rjj, which then run over all 
nonzero ideals of Ok with (I2.10[) , so the error term is bounded by 

<c y^ 2^i<(h)+ujK(hhhi6) IB -\ 



r, mm \ Ju i iyi 2 JU 7 / 

« Yl 



, , v w 1 w 2 w 3 3/2 w 4 3/2 w 5 3/2 w 6 3/2 Khmhmiimiimityiii ) 

<nij<B 
<B(logS) 2 + S(logS) 2 <B(logB) 2 . D 

2.2.2. The second summation overr\ 7 . 

Lemma 2.3. Write tj" := (771, . . . ,r)e). For B > 3, C e C 6 , we have 

\M c (B)\=(-^=) Y, A(9 8 (I'),I 7 )V 7 (mi 1 ,...,mi 6 ;B) 

\V\ a k\J ,//g 0l , x ... x0e . 

+ O c (B(logB) 4 log logS). 
Here, for ti,...,te > 1, 

V 7 (t x ,...,t 6 :B) ■- — / dt 7 dy7 8 , 

t 7 >i 
lyji/l a rea/ variable t 7 and a complex variable rjs. 

Proof. Following the strategy described in JDF131 Section 6] in the case 60 = 1, we 
write 

\M c {B)\ = -^= Yl E #(l7)g(yiI 7 ) + O c (B(\ogB) 2 ), (2.11) 

Vl A A'| n"e0 lt x---x0 6t r) 7 £0 7 , 

where $(a) := 6s{h, ■ ■ ■ , h, a) and g(t) :— Vg (*Jt/i , . . . , 9L?6, t; B). The conditions 
and (I2.6[) imply that g(t) = unless 

/ a r> \ 1/2 

5lZ?S^gtZ|9U|gtr 6 <B and i<t 2 := — — 5— J— 3 . (2.12) 



mi 3 mijmilyal 

Moreover, applying |DF13I Lemma 3.4, (2)] to (J2.5I) . we see that 

1 /yihB^ 1/2 
git) « 



9t/i V Ot/a* 

B / B \- 1/4 / B ^ 1/4 



mil--- w 6 t \ auf otz|otz|OTi|?n/6 / V ot^/f wfwf* 2 _ 

In particular, we always have g(t) <C S/(9Ui ■ ■ ■ We*)- 

By JDF131 Lemma 5.4, Lemma 2.2], tf satisfies the condition JDF131 (6.1)] with 
C = andc,? = 2 u( > Il - IiIe \ 
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Let t\ := (logi?) 14 . A straightforward application of DF13, Proposition 6.1] 
would not yield sufficiently good error terms, so, using a strategy as in the proof of 
[DF131 Proposition 7.2], we split the sum over r\ 7 into the two cases OtZV < t\ and 

mi 7 >ti. 

Let us start with the second case. We may assume that £2 > t\. Using |DF13[ 
Proposition 6.1] with the upper bound g(t) <C B/iVUi ■ ■ ■ VH^t), we see that 

meo 7 , V\ A k\ J 



/ <2UK(Ii-~UIa) B _ 1/2 

°l mh---mi 6 h 



When summing the error term over the remaining variables, we may sum over all 
I" with VII j < B, so the error term is 

, , 0Uk(1\ —Iih) n 

«*i E mh ... mi6 «(logi?)' 7 i3(logi3) 11 ^i3(logi3) 4 . 

Now let us consider the sum over all 777 with 9T/7 < t\. Since < "&(I 7 ) < 1, we 
obtain an upper bound 



J2 E Wspuv) 



ij"60i,x-x0 6 , ij 7 e07, 

mi7<t ± 

s-^ b f b y 1 * ( B 

j^ mi 1 --- i yihmi 7 \mifuiiimiimii i yii 6 ) ^ot/aWfotifaufouf 



12.121 with t=<nir 

<ni 7 <ti 
y^ B t B 

j27T2t with t=<ni 7 

mi 7 <t! 
<< E mmi J hmM « ^o g B)Ho gtl « B(lo g B)Ho g lo g B. 

-^2,^3,^4,^6,^7 

NIj<B, «n/ 7 <ti 

Our proof is finished once we see that 

J2 A(0(a),a) 5 (t)d£<B(logB) 4 log logB. 

v"eO!,x---xo 6 , x 

This follows from an analogous computation as above with the integral over t instead 
of the sum over I 7 , and using that < A('d(a),a) < 1. □ 

Lemma 2.4. If I" runs over all six-tuples (I\, . . . ,Iq) of nonzero ideals of Ok then 
we have 

N UltH (B)= (-7=^=) ^^8(I",/7),/7)U 7 (91/i,...,TO 6 ;B) 



v^A 



K 



I" 



+ 0(S(lo gj B) 4 loglogB). 
Proof. This is entirely analogous to [DF131 Lemma 9.4]. □ 
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2.2.3. The remaining summations. 
Lemma 2.5. We have 



2 \ (hi x ! ' 



N UuH (B) = —== — 9 V (B) + 0(B(\ogB) 4 log log 5), 

\y/\AK\J \VK/ 



where 0q is as in (|1.7|) and 

(»,!,. ..,ij 8 )6W(B) 

ll'7l|loo>-.ll'Wll<x.^ 1 

luit/i complex variables r\\ , . . . , n§ . 

Proof. By [DF13I Lemma 3.4, (6)], applied to the (|2T5) . we have 

B 2/3 B ( B \- 1/3 



^ • • • > ^ 5 ) « t i/3 t i/3 t i/3 i5t 2/3 - tl . . . i6 v 334341 , 

We apply |DF131 Proposition 7.3] with r = 5 and use polar coordinates, similarly 
to JDF131 Lemma 9.5, Lemma 9.9]. □ 

2.3. Proof of Theorem 11.11 for S\. We will use the conditions 

\\vl4vlm\L < B &nd (2.13) 

KvWML ^ B and bi'v^vlvlvIlL < B. (2.14) 

Lemma 2.6. Let a(Si), w 00 (S , i) be as in Theorem ] 1. 1[ let 71(B) be as in (|2.ip ~ 
(I2.5[) . and define 

v o(B) '■= / ( m ,....r) 8 )£K(B) || — [J— d?7i ••■ dry 8 , 

tot/j/i complex variables rji, . . ., rjs. Then 

7r 6 a(5 1 )w 00 (5 1 )B(logB) s = 4f '(B). (2.15) 

Proof. We use the following substitutions on Woo^i): Let 771, 772, 774, 775, % S C\{0} 
and -B > 0. Let 773, 777, 77s be complex variables. With I := (B 1 1 771 77277477! 77! || ) 1 ^ 2 , 
we apply the coordinate transformation zq — l^ 1 ' 3 ^ -rjs, Zi = l~ l ' 3 rji 772 774775776 -773, 
Z2 = Z _1 / 3 (— 772 • 77s — ?74?7!?7g • 777), of Jacobi determinant 

1177177277477577611^ 1 

* Hr/rlU' (2 ' 16) 

and obtain 

fC\ 12 II771772774775776IIOQ f 1 , , , ,„ 1 „s 

Woo(oi) = — / T — [7— d?73d?77d77 8 . (2.17) 

77 # J { m ,... m )en{B) Halloo 

The negative curves [-Ei], . . . , [-E7] generate the effective cone of Si. We have 
[-%J = [2Ei + 2E 2 + 3E 3 + 2E± + E 6 ] and [E 7 ] = [Eh. + E 2 + E 3 - 2E 5 - E 6 }. 
Hence, [DF131 Lemma 8.1] (with the roles of 773 and 776 exchanged) gives 

a(Si)(lo g B)^' f di^d^d.*, (21g) 

llmll 00 ,IMI 00 ,||') 4ll 00 , ||''75|| 30 -IMI 00 >i 



The lemma follows by substituting (|2~T71) and (|2TT5|) in (J2~T5) . D 



COUNTING IMAGINARY QUADRATIC POINTS VIA UNIVERSAL TORSORS, II 



To finish our proof, we compare Vo(B) from Lemma [2.51 with Vq(B) defined in 
Lemma l2~r?l Let 



V (B) 
V X {B) 

V 2 {B) 
V 3 (B) 
V A (B) 



= {(VU 
= {(Vi, 

= {(m, 



m) e ii(B) 


It/ol 1 


m) e K(B) 


1ml 


m) e H(B) 


Iml 


m) e fc(B) 


Iml 


r? 8 ) 6 ft(B) 


Iml 



Moreover, let 



Vi(B) := 



«,,.••, IML > 1}, 

» iw„>i.ra}. 

oo Halloo >!. <EI1}' 

oo ,IML >IML >IMIoo .NIL > 1. (ESI- 

dr/i • • • dr)g 



'Vi(B) Halloo 

Then Vb(B) is as in Lemma 1231 and K 4 (B) = Vo'(-B). We show that, for 1 < i < 4, 
Fi(B)-Vi_i(B) = 0(S(logB) 4 ). This holds for i = 1, since, by (£2) and ||r? 3 |L > 
1, we have V X (B) = V (B). 

Moreover, using [DF13, Lemma 3.4, (2)] and (J2.5I) to bound the integral over 77s, 
we have 

Bl/2 



F 2 (S)-y x (5)< L MU ,...,| M i 

•J ll,„- 1 ^- 1 ^2„6„4| 



<B 



1/2 



d?7i • • • d777<B(logB) 4 . 



ltT6l 



Moreover, 



/ 



£1/2 



II»)7|| 00 <1, E3, lt2~14t 



II ll 1 / 2 



d»7i". dr/ 7 «B(logB) 4 . 



Finally, using |DF131 Lemma 3.4, (4)] and (|2.5[) to bound the integral over 777, 
?78, we have 

£2/3 



F 4 (B)-I4(B) « 



IMI^IML.HrMlU.fell^.lML^i 

IMU<1, f2T3l 



||ryi77 2 ry 4 ryf?7|||^ 3 



d?7i •-• dr] 6 < S(logB) 



Using Lemma [2751 and Lemma [2761 this shows Theorem 1 1.1 1 for Si. 
3. The quartic del Pezzo surface of type A 4 



3.1. Passage to a universal torsor. We use the notation of [Dcr06 , except that 
we swap rjs and 779. 




Figure 2. Configuration of curves on S2 
For any given C = (C , . . . , C 5 ) S C 6 , we define u c := ^(C^ 



■CI 



and 



01 


= 0304 _1 


02 


= 0405/ ' 


03 


S~1 s~i — 1 s~i — l/"f — 1 


04 


= C^ 1 


05 


= 05 


06 


= 02 


07 




08 


= 00 03 


09 


— o o 3 o 4 o 5 
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Let 



For rjj G Oj , let 



Oj, 




ie{i,...,7}, 
ie{8,9}. 



For B > 0, let ft(B) be the set of all (r/i, . . . ,r? 8 ) e C 8 with 775 ^ and 

|hi% 4 % 3 ^% 3 %L<S, (3.1) 

||»7i»72»73»74»76»77»78 Hoo <-B, (3.2) 

WnlvhlmnlmW^ < B , ( 3 - 3 ) 

WvivhhlvsvimW^ < B, (3.4) 

and let M C (B) be the set of all 

(771, . . . , 779) eOi,x..-x0 9 » 
that satisfy the height conditions 

(771,..., ?7 8 ) e TZ(u c B), 
the torsor equation 

mvheTr + mvl + il5Vv = 0, (3.6) 

and the coprimality conditions 

Ij + Ik = Ok for all distinct nonadjacent vertices Ej, Ek in Figure [5J (3.7) 
Lemma 3.1. We have 

N U2 m{B) = \ Y, \ M ^(B)\- 
lots — 
K cec 6 

Proof. This is a specialization of [DF13] Claim 4.1] and we prove it using the 
strategy from DF13, Section 4] with the data supplied in |Der06| . Starting with 
the curves E^ := {y = 0}, E ^ := { yi = 0}, Ef ] := {y 2 = 0}, E^ := 
{— j/02/2 — y\ = 0} in F K , we prove |DF13[ Claim 4.2] for the following sequence of 
blow-ups: 

(1) blow up 74 0) n E^ 0) n 74 0) , giving e[ 1] , 

(2) blow up E[ 1} n EP n E£\ giving E { *\ 

(3) blow up Ef ] n E£\ giving Ef\ 

(4) blow up E ( / ] n /4 3) , giving Ef\ 

(5) blow up E[ A) n E\ 4 \ giving Ef\ 

The inverse 7r o p^ 1 : V 2 K -—» S2 of the projection (j> = p o n^ 1 : S2 —■* F K , 
(x ■ ■ ■ ■ ■■ Xi) H> (xq : x 2 ■ xs) given by 

(vo : V\ ■ 2/2) H- (2/0 : 2/o2/i2/2 : 2/o2/i : 2/o2/2 : -2/2(2/1 + yojte)), (3-8) 

and the map \P appearing in |DF131 Claim 4.2] sends (771, ... , 779) to 

{vh2vhlvlv6,vimmv4V6V7V8,vi'02V3ViV5'nfi> vivhivhsvlm, rnvs)- 

As in the proof of [DF13I Lemma 9.1], we see that the hypotheses of [DF131 Lemma 
4.3] are satisfied, so [DF131 Claim 4.2] holds in our situation for i = 0. 

Note that |DF13[ Lemma 4.4] applies in steps (3), (4), (5) of the above chain of 
blow-ups. In steps (1), (2), we are in the situation of [DF131 Remark 4.5], so that 
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we must derive some coprimality conditions using the torsor equation. We use the 
notation of |DF131 Lemma 4.4, Remark 4.5]. 

For (1), we start with the parameterization provided by [DF131 Lemma 4.3], 
consisting of (rj 3 , f]' 7 ,r]' s ,r]g) satisfying certain coprimality conditions and other con- 
ditions. Since rj' 3 ^ 0, there is a unique C\ E C such that [I 3 + I 8 + l 9 ] = [C{" ]. We 
choose rfl E C\ such that I" = I 3 + 1% + Ig; this is unique up to multiplication by 
O k . We define r% := r)' 3 /r)i, Vs ■= Vs/Vi, r^ :=rf 9 / rff and 77? := rf 7 . To show that 
(Vi > Vs> V71 V8> Vg) nes m the set described in |DF13i Claim 4.2] for i = 1, everything 
is provided by the proof of |DF13i Lemma 4.4] except the coprimality conditions in- 
volving 77", n 3 , 778,779. Considering the configuration of E{ , E 3 ',Eg ,Eg , these 
are I 3 + I g ' = Ok (which holds because I 3 + I 8 ' + Ig = Ok by construction and 
because of the relation 773' 77 7 ' + 77i'7? 8 ' 2 + 77 9 ' = 0) and I'{ + J 8 ' + I 9 ' = O k (which 
holds because otherwise the relation would give non-triviality of I" + I 8 ' + Ig + I 3 I" 
contradicting the previous condition or the condition I" + I" = Ok provided by 
the proof of [DF131 Lemma 4.4]). 

For (2), we replace " by ' in the result of the previous step. We choose C2 E C such 
that [I{ +I' 3 + I 9 } = [C 2 ~ 1 ] and 7 ?2 ' E C 4 = O'J, such that I 2 ' = I[ + I£ + I'g . It remains 
to check the pairwise coprimality of /{' , I 3 , Ig . By construction, I" + 1 3 + Ig = Ok ', 
considering the torsor equation 77377" + 77" 77 8 2 + 779 = shows I'{ + 1 3 = Ok directly, 
I'{ + I'g 1 = O k using I'{ + l!{ = O k , and I" + I'g 1 = O k using Ig + / 8 ' = K - 

Since steps (3), (4), (5) are covered by [DF131 Lemma 4.4], this shows [DF131 
Claim 4.2]. We deduce |DF13[ Claim 4.1] in the same way as in |DF13[ Lemma 
9.1]. □ 

3.2. Summations. 

3.2.1. The first summation over 773 with dependent 779 . Let 77' := (771, . . . ,777) and 
I' := (7i,...,/ 7 ). Let O (I') := ILApW)), where J p (I') := {j G {1,...,7} : 
p I Ij} and 

(1 ifJ = 0,{l},{2},{3},{4},{5},{6},{7}, 
6 , p (J):=l or J= {1,2}, {2,3}, {2,5}, {3, 4}, {4,6}, {6, 7}, 

[0 otherwise. 

Then 6q(1') = 1 if and only if I\, . . ., If satisfy the coprimality conditions from 
(|3~T|) . and 9 (I') = otherwise. 

We apply [DF131 Proposition 5.3] with (A, . A 2 ,A 3 , A n ) := (3,4,6,7), (B U B ) := 
(1,8), (Ci,Co) := (5,9), and D := 2. For given 772, 775, we write 

mvhlvi = riXpbjt) = ILII 2 , 

where III, 1I2 are chosen as follows: Let 21 = 21(772, 775) be a prime ideal not dividing 
I2I5 such that 01Oq 1 O$ = 2lCoC , 2~ 1 C 3 ~ 1 is a principal fractional ideal Wk, for a 
suitable t = 7^(772,775) E K x . Then we define H2 = 112(772,775) := 776?; and IT := 
111(772,775) := 77377! 77 6 77 7 /r 2 . 

Lemma 3.2. We have 
\M c {B)\ = —?= V 8 8 ( V ',C)Vs(yiIu...,mi 7 ;B) + O c (B(\ogBf), 



ij'eOi.x-xO?, 
where 



V s {h,...,t 7 ;B)--±- [ __ d77 8 . 

£5 J( V ^7,..., V ^7,T) S )G7?,(B) 
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Moreover, 



t c \I 2 ' p mod Z C I S 

{ c +/ 1 / 3= O k pO K +ich=0 K 

P 2 = i c i 5 r l6rnA 



with 



fl 8 (I',« t ):=0o(I') 



^ K {hhhh) 



4>* K {h+tch) 

Here, A :— —r)3r)1/(t(r)2,r]5) 2 r]i), and n^rjiA is invertible modulo l c I§ whenever 
0o(I')^O. 

Proof. It is clear that 9s(r]' , C) = 6*1(77') from DF13, Proposition 5.3], and a simple 
argument as in the proof of [DF131 Lemma 9.2] shows that Vgfitli, . . . , TO7; B) = 
V\{ri' ,ucB). Hence, the main term is correct and it remains to bound the error 
term arising from [DF13, Proposition 5.3]. 

Similarly as in [DF13, Lemma 9.2], we see that the set lZ(r)',B) of all r/g with 
(771, . . . , n%) G 1Z(ucB) is of bounded class and (using |DF131 Lemma 3.5, (1)] on 

3J) contained in two balls of radius R(ri';u c B) < c (BW S W^ : 9Uf 1 ) 1/4 . 
The error term is 



< 



Er,UJ K (I 2 )+0JK(l2hIil6)+^K(l2h) ( R (v'^ U cB) 



where, using (|3.4[) . the sum runs over all 7/ G 0\* x • • • x O7* with 

<n(/i/ 2 2 / 2 /f/ 5 / 6 2 / 7 ) < B. (3.9) 

Since |0^-| < 00, we can sum over the Ij instead of the rjj, which then run over all 
nonzero ideals of Ok with (|3.9[) . and obtain 

/ Rl/4 \ 



4=U I <yu 1/4 w 1/4 9i/ 1/4 / 

i', omi \ ju i ju 5 ju 7 / 

<<c £. V Wi w 2 3/2 wf 2 w 4 3/2 w 5 w 6 3/2 + ^oLfoup^aUsWl J 

<B(logS) 3 + B(logB) 3 <B(logB) 3 . D 

For the further summations, we define 

^(i'):= E ^tW'a) 

fc|/2 ' 

f t +/l/ 3 =Oj< 

and distinguish between two cases: Similarly to |BD09) . let M£, (B) be the main 
term in Lemma [3.21 with the additional condition yil§ > yilj on the r]' , and let 

(871 

M(-, (_B) be the main term with the additional condition Vile < VII7. Moreover, 
we define 

N S6 (B) := -L E 4 86, (5) 
u;^ — 
K cec 6 

and N 8 t(B) analogously, so 

Nu 2 ,h(B) = N S6 (B) + N S7 (B) + 0(B(logB) 3 ). (3.10) 
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3.2.2. The second summation over ttjq in Mq (B). 

Lemma 3.3. Write rj" := (771 , . . . ,775,777) and O" := O u x • • • x C 5 * x O7*. We 
have 

Mg 6 \B)=(-^=) T A(e , 8 (i , ),i 6 )Vs e (<m 1 ,...,<m 5 ,<m 7 ;B) 

\V\ a k\J v „ e0 „ 
+ O c (B(\ogB) i ), 
where, for t\, . . . , £5, £7 > 1, 

F 86 (ti,...,*5,i 7 ;B) := — / dt 6 dr7 8; 

( v /t7,...,Vt7,7)s)6'R.(.B) 

*6>*7 

wif/l a rea^ variable i 6 and a complex variable rjs. 

Proof. We follow the strategy described in [DF131 Section 6] in the case bo > 2. 
We write 

where 

776606. p mod { c / 5 

mi 6 >yii 7 pOK+tch=o K 

p 2 =t c i 5 mmA 

with # (I 6 ) := d 8 (I' X) and g(t):=V 8 (yiI u ... : yih,t,mi 7 ;B). 

By |DF131 Lemma 5.5, Lemma 2.2], the function $ satisfies |DF131 (6.1)] with 
C := 0, eg := 2 UK ( Ill2hl5 \ By fl3l}, we have flr(i) = whenever t > t 2 := 
S 1 /2/(ort/ 1 1 /2 otZ ' 20fl j 3 r ni4 g tI i/2 ot/ i/2- )) and; by Lemma [HF131 Lemma 3.5, (2)] ap- 
plied to ([531) . we have 5 (i) < B 1 / 2 /(ai/ 1 1/2 ai/ 5 1/2 DU 7 1/2 ). Using [DF131 Proposition 
6.1], we obtain 

2 ' - T <j>* K (l c h)A(#(a),a,tJ 5 ) I g(t)dt 



VI A -^I Jt>-71I 7 

( 2^K(hhhh) B l/2 ( J B 1 /4 TO 1 /2f n/ l/4 \\ 

+ — 1/2 1/2 1^ { — I7i 1/ 2 C i/ 2 i/2 JTJ + ^tc/BjlogB . 

Using |DF131 Lemma 6.3] we see that the main term in the lemma is correct. 

For the error term, we may sum over t c and over the ideals Ij instead of the rjj, 
since \0^\ < 00. By (|3.1[) and our condition 9"U 6 > W7 it suffices to sum over £ c 
and all (Ji, . . . , I5, 1?) satisfying 

9trf9?l|0?JfWf9tI s 3 0tZ7 < B. (3.11) 

Thus, the total error is bounded by 

/ 2 LJk(/2)+LJk(/i/2/3/5) _B 3 / 4 2 u)K ^ I ^ +UKi - Ill2l3lr ^B 1 / 2 \ogB\ 

' rirni 

2<+>k(I2)+uk (I1I2I3I5) £ 2 UJk ^ 2 "> +u)k ( j i ^2^3^5)5 log_B\ 

ml^ml^ml^m^h mil /2 miimi 3/2 mi 4 i yii 5 J 

< B (log Bf + B '(log S) 4 <B '(log B ) 4 - D 
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Lemma 3.4. If I" runs over all six-tuples (I\, . . . ,1$, I7) of nonzero ideals of Ok 
then we have 

N S6 (B)= \-^=) yA(e' s (I'),I 6 )V 86 (<ni 1 ,...,<JlI 5 ,MI r ,B) + 0(B(logB) 4 ). 

\V\ a k\J v , 

Proof. This is analogous to [DF131 Lemma 9.4]. □ 

3.2.3. The remaining summations for N%q(B). 
Lemma 3.5. We have 



2 \ fh K 



r, 



N S6 (B) = rr 6 —== — V S6 o(B) + 0(B(\ogB) 4 log\ogB), 
Vvl A ^l/ V w ^r/ 

where 0q is as in (ll.7[) and 

V & 6o(B):= [ V 86 (t 1 ,...,t 5 ,t 7 ;B)dti---dt 5 dt7, 

Jt u ...,t 5 ,t r >l 

with real variables ti, . . . , £5, £7. 

Proof. By [DF131 Lemma 3.5, (5)], applied to (|3.5[) . we have, for £7 > 1, 



V 86 (ti,...,t 5 ,t 7 ;B)<z: 



B ( B ^- 1/6 



t\ ■ ■ ■ t$tj \tit 2 t 3 t 4 t 5 



Furthermore, using (|3.ip to bound te and (|3.3[) to bound 1 1 ^s 1 1 00 ' we see * na * 

1/B\/B\_B/B 
V 86 (h, . . .,t 5 ,t 7 ;B) « - [ t 2 t 4 mt3 J {tiqtlUtj) - h---t.tr \M^¥l, 

We apply |DF131 Proposition 7.3] with r — 5. D 

3.2.4. The second summation over 777 in Mq (B). 

Lemma 3.6. Write rj" := (771, . . . , %)• We /lave 



M<f r >(B) = (-7==) E ^(I , ) 1 Wr(5lTi,... ) !JU 8 ;B) 



Vf( 87 ) . _ , ^ = , 
V \ . /IA„ / 

i)"eOi,x-x0 8 , 
+ Oc(S(logi?) 4 ), 
where, for ti, . . . , te > 1, 



^87(*i,...,*6;-B):=^ /" 



d£ 7 d?7 8 



(•v/*T,->v / *7.»!8)6'K(B) 

t 7 >*6 



tyii/i a rea/ variable £7 and a complex variable r]s- 

Proof. Again, we apply the strategy described in |DF131 Section 6] in the case 
60 > 2. However, this time we must examine the arithmetic function more carefully, 
since a straightforward application as in Lemma f3 . 3l would not yield sufficiently good 
error terms. We write 

m£ 7 \b) = ^L= y y ^^s, (3.12) 



v\^ K \ i)"60 u x-xOi, f c |7 2 



tc+/l/3=OA- 

where 

S:= J2 W E -9( W 7), (3.13) 

7/7^07* p mod £ c /5 

?n/ 7 >0T/ 6 pe>if+t c /5=e>K 

P 2 = t,l 5 l6l74 
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with <?(J 7 ) := 8 (I',* C ) and g(t) ■- Vfe ffli,- . .,VXI 6 ,t; B). 

The key observation is that, as in BD09 , we can replace "d{I 7 ) by the function 

where (9g encodes all coprimality conditions that are encoded by 6$, except for 
allowing I5+ 1 7 ^ Ok- For the representation 6' — T7 8' 0p (J p (I')) as a product of 
local factors, this amounts to 

Q, (J);= fl if 6 0>P (J) = I or J = {5,7}, 
,p [ otherwise. 

Replacing •& by •&' in (I3.13[) docs not change S for any r\" £ 0\* x • • • x 6 * and t c 
as in Q3.12J) . since the sum over p is zero whenever I& + I 7 ^ 0j<\ Indeed, we know 
from Lemma 13.21 that r\^,r] 7 A is invertible modulo t c /5 whenever t c is as in (|3.12[) 
and (V) ^ 0. This implies that v v (ri & A0 7 ) = for any fixed rj" , t c as in (|3~T2")l 
with S 7^ and any p | i c h- Therefore, if p | J5 + J7 then the second and third 
condition under the sum over p in (|3.13[) contradict each other. 

Since fl'{I 7 ) = $(I 7 ) whenever I 5 + I 7 = O k , we have .4(tf'(a), a,t c I 5 ) = 

^(o),o,V B )). 

Moreover, we obtain immediately from the definition that d' £ Q(Ii I2I3 1 a, 1, 1, 1) 
(see [DF131 Definition 2.1]). Hence, by [DF131 Lemma 2.2], the function & satisfies 
[DF131 (6.1)] with c e := 2 UK ^^ hIi \ C := 0. 

By (011), g(t) = whenever t > t 2 := S/(«TUi9tI|9U|W|9lJ 5 r lJ|), and, by 
[DFT31 Lemma 3.5, (2)] applied to ([33]) . g(t) <C B 1 / 2 /^! 72 ^ 172 ) • i~ 1/2 . With 
DF13, Proposition 6.1], we obtain 

£ = - 7 ^=0*.(e c / B )X(i?(o),o > e c /6) / g(t)dt 
V\Ak\ Jt><ni e 

As in Lemma 13.31 the main term in the lemma is correct, and for the error term 
we may sum over the ideals i c and Ij instead of the rjj. By (|3.1|) . (|3.4p . and our 
condition W7 > W67 it suffices to sum over t c and the (Ii, . . . , Jg) satisfying (|3.1[) 
and 

9tI?9t/f0tZf0tl|9t/|0 f tl| < S 2 . (3.14) 

Thus, the total error is bounded by 

/ 2^K(i2)+uiK(iii2i 3 ii)j^i/2 i g73 2" A "( /2 )+" A '( /l/2/3/4 'DT/ r l72 73 1 / 2 loglA 

i, ,i 6 V Wi /2 + wpwp / 

E2<"k(/2)+wk(Ii i 3 IsU)jj i og 73 2" K ( /2 ^ +WK ( /l/2/3/4 '731og73 
h 7 — 
/L..../5 ^/i 74 ^ 372 ^ 574 ^^^^ h^je wif^yiilya^yihmie 

mijKB ' 711 -<B 

<B(log J B) 4 + 73(logS) 4 <B(logB) 4 . D 

Lemma 3.7. //I" runs ewer all six-tuples (I\, . . . ,Iq) of nonzero ideals of Ok then 
we have 

N S7 (B)= [-i=J ^^(^(l'),/ 7 )V r 87 (TO 1 ,...,TO 6 ; J B)+0(73(log J B) 4 ). 
Proof This is analogous to [DF131 Lemma 9.4]. □ 
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3.2.5. The remaining summations for N $7 (B). 
Lemma 3.8. We have 

Nz 7 (B) = ^(^—\ (^-) 6 V s70 (B) + O(B(logB) 4 loglogB), 

where 9q is given in (JT7TJ) and 

Vs7o(B):= I V 87 (ti,...,t e ;B)dt 1 ---dt 6 , 

Jt u ...,t 6 >i 

with real variables £1, . . . , t&. 

Proof. By |DF13[ Lemma 3.5, (6)], applied to (|3.5[) . we have 

1 B^Hl /A B ( B V 1/4 



% r (ti > ...,< 6 ;B) < 



'5 



ts tl'hl'S'Jhl" h---te\444tl4t 6 . 

Furthermore, using (|3.3[) and (13.41) to bound H^sll™ an d £7, respectively, we see that 

1 / B \ ( B \ B ( B 

V S 7(ti,...,t 6 ;B) < - 



£5 \t it 2^ 3^ ^5 J \^1^2^3^4^5^6 / ^i ■ ■ ■ tg \^l^2^3^4^5^6 , 

We apply [DF13I Proposition 7.3] with r = 5. □ 

3.2.6. Combining the summations. 
Lemma 3.9. LFe have 

N Ua AB) = ( -J=i) (—) 0oVo(B)+O(B(\ogB)Hog\ogB), 
where 8q is given in (|t.7[) and 

V (B):= I _J-_d^ 1 ...d» ft> 

J IwsIL 

(»,!,. ..,17 8 )6W(B) 

IMIoO-.llfHIoo^ 1 

wffli/i complex variables r\\ , . . . , 77s • 

Proof. This follows from (|3.L0p , Lemma 13.51 and Lemma 13.81 using polar coordi- 
nates, similarly to JDFL31 Lemma 9.9]. □ 

3.3. Proof of Theorem 11.11 for Si- We use the conditions 

hhivhlmWoo <£and (3.L5) 

H4vhh4oo ^ B and hiVvh^vilL ^ B - ( 3 - 16 ) 



Lemma 3.10. Leta{S<z), w 00 (5 , 2) be as in Theorem \ 1 . 1\ and 7Z( B) as in (|3.t[) ~ (13.5 
Define 

Vo( B )-= ( m ,... m )en(B) , d?7i---d7?8, 



(336) 
where T)i, . . ., rys are complex variables. Then 

7r 6 a(5 2 ) Woo (5 2 )B(logS) 5 = 4ltf(B). (3.L7) 
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Proof. The proof is analogous to the proof of Lemma 12.61 Let 771, 772, 774, 775, tjq G C, 
B > 0, and let I :— (B II 771 77^774 77577! II )^ 2 - Let 773,777,773 be complex variables. 

Applying the coordinate transformation 20 = I 1 ViV^ViVsVe'Vii z i — ^ _1 ViVzVs' 
77s, z 3 = ^ 1/3 77 4 77g • 777 to Woo (5 2 ), we obtain 



Woo (^2) 



12 ||77l77277 4 77 5 77 6 | 



1 



? i,...,j7 8 )e'R.(B) ll^sllc 



• d?73 d?77 d77 8 



(3.18) 



The negative curves [E\], . . . , [-E7] generate the effective cone of Si. Because of 
[-K Si ] = [2E 1 +AE 2 + 3E 3 + 2E 4 + 'SE 5 + E e ] and [E 7 ] = [E 1 + 2E 2 +E 3 +2E 5 -E 6 ], 
DF131 Lemma 8.1] implies 



a(S 2 )(logBy = — 



d?7i d?72 d?74 d?75 c1t7 6 



1 

3tt 5 yil'nlU,ll';2|| 00 ,||r)4| 2a ,||»;5|| 00 ,||»)6|| =e >i || 771772774775/76 1 



The lemma follows by substituting (|3~T5f and (|3"?T9"|i in (|3"37|> . 



(3.19) 

□ 



To finish our proof, we compare Vq(B) from Lemma 13.91 with Vq(B) defined in 
Lemma T3. 101 Let 

«,»•••» ML ^ !}» 

w llrlL>l>P)}, 

0OS ---,iMi 0O > 1 .ea9}. 

00 Halloo > !. ©3S», 

00 .II^IL ,IML .NIL ,||%IL > 1. ®M}- 



-Do(B) 


= {(Vu- 


• , m) g ft(£) 


\\m\ 


V 1 (B) 


= {(m,- 


.,r? 8 )eft(y3)| 


\\m\ 


V 2 {B) 


= {(m,- 


.,T] 8 )G1I(B) 


llml 


V 3 (B) 


= {(m,- 


.,vs)en(B)\ 


\\m\ 


V 4 (B) 
Moreov 


er, let 


.,V8)eTZ(B)\ 


\\m\ 



Vi(B) := 



dr]i ■ ■ ■ d?78 



Vi(B) 



Nl 



Then clearly V (B) is as in Lemma l3Jl and V 4 (.B) = Vq(B). We show that, for 
1 < i < 4, K-(-B) -Vj-i C 5 ) = 0(73(log B) 4 ). This holds for i = 1, since i?i = i? . 
Moreover, using [DF131 Lemma 3.5, (4)] and Q3.5P to bound the integral over 777 
and 7/8, we have 



V 2 (B)-V 1 (B)^J || m 



B 3/4 



IMIoo>l 



|hi% 2 ir?4%5^ 2 |Q<B ll»7l»73??Ir?5?7l|| 



3M 1 / 4 



d?7i--- d?7 6 < /3(log5) 



k-V a '»K-'^IL>B 



Using [DF.I2I Lemma 3.5, (2)] and the (|3.5p to bound the integral over 77s, we obtain 

£1/2 



V 3 {B)-V 2 (B)<^ 



llmll 00 ,---,IMI =0 >i 

II'77|| 00 <1, ED. i l3^6l 



ll^l^W 



— dT/i-.-d^-cBaogs) 4 . 



Finally, using using |DF131 Lemma 3.5, (4)] and (13.51) to bound the integral over 
777 and 77s, we have 



V*(B)-V 3 (B) « 

lkill 00 .ll'»l 



B 3/4 



a »IW*ll ool | WslL ,.IN6ll ao >l 
13|| 00 <1, OH) 



ll^iwlwtll^ 4 



d?7i--- dr; 6 «/3(logB)' i 



Using Lemma 13.91 and Lemma 13.101 this implies Theorem 11.11 for S 2 . 



l,x 
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FIGURE 3. Configuration of curves on S3 



4. The quartic del Pezzo surface of type D 4 



4.1. Passage to a universal torsor. We use the notation from |Der06j 

For any given C = (C , . . . , C 5 ) £ C 6 , we define u c := m^C^ 1 



c* 1 ) 



Oi 

O4 
O7 



C72C3 



-1 

3 

-1 



C3C4 

Cocr 1 



o 2 

o 8 



C\C 2 

c 5 

CqCk 



o 3 
o 9 



C/~1 — 1 fl — 1 ("1 — 1 
u 1 o 2 o 5 



c 4 



C2 /"l — 1 /^t — 1 /""f — 1 y"f — 1 
0°1 °2 °3 °4 



Let 



a 





a 



#> 



ie{i,...,6}, 

j 6 {7,8,9}. 



For r/j G 0j, let 



I, := 77,0 



and let M C (B) be the set of all 

(771,..., 779) G d* x • • • x Og* 
that satisfy the height conditions 

(Vi,---,Vs) € TZ(u c B), 
the torsor equation 

mrf + mvtm + mvhv = °> 

and the coprimality conditions 

Ij + Ik — Ok for all distinct nonadjacent vertices Ej, Ek in Figure E3 



Lemma 4.1. We have 



N U3tH (B) = -1. 
uj k 



cee 6 



\M C (B)\. 



and 



the set of all (iji,. . . ,n s ) G 


C 8 with 


774% 


7^ and 




hi^^Wis L ^ s > 






(4.1) 


IK% 2 %W% 2 L<^ 






(4.2) 


||»?l'72^3 7 ?4%»?6»y7|| 0o < #, 






(4.3) 


vlmvlmvivs + vivhwrftWoo < b, 






(4.4) 




We 


OO 






(4.5) 



(4.6) 

(4.7) 



Proof. Again, the lemma is a specialization of |DF131 Claim 6.1], and we prove it 
in an analogous way as Lemma I3TT1 Starting with the curves Let E% := {y\ = 0}, 



E. 



(<>) 



{V2 = 0}, E, 



(0) 



{yo = o},e. 



w 



{-yoyi 



[DF131 Claim 6.2] for the following sequence of blow-ups: 
(1) blow up E^ n Ef ] n E^\ giving E { 2 1) 



vl 



0} in P K , we prove 



r(D 



(2) blow up E£> n E£> n Ef>, giving E\ 



(i) 



,(i) 



.(2) 
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(3) blow up £J 2) n Ef\ giving Ef\ 

(4) blow up E[ 3) n £^ 3) , giving E^ , 

(5) blow up E { 3 4) n E { %\ giving E { 5 5) . 

The inverse 7r o p _1 : Y 2 K --■* S3 of the projection p o 7r _1 : S3 -~» V 2 Kl (xq : • • • : 
X4) H> (xo : xi : X2) is given by 

(2/0 : 2/i : J/2) H> (2/o2/i : 2/i : 2/? 2/2 : -2/i(j/o2/i + 2/1) : -2/o(2/o2/i + 2/1))- 
With the map * from [DF131 Claim 4.2] sending (771, ... , 779) to 

(vlV2vlmvh&'Vtvh3vlvlvl,vfvhlvlv5V6V7,r]lr)2ri3Tilr]lri 9 ,Ti8V9), 

we see that the assumptions of DF13] Lemma 4.3] are satisfied, so [DF131 Claim 
4.2] holds for i = 0. 

In the first two steps of the above chain of blow-ups, we are in the situation of 
[DF131 Remark 4.5], so certain coprimality conditions need to be checked by hand. 
However, up to changing some indices, our situation in steps (1) and (2) is exactly 
the same as in Lemma 13. 1[ so the arguments given there apply to our lemma as 
well. Steps (3), (4), (5) are again covered by [DF131 Lemma 4.4], which proves 
[DF131 Claim 6.2]. From this, we deduce JDF131 Claim 6.1] as in JDF131 Lemma 
9.1]. D 

4.2. Summations. 

4.2.1. The first summation over r/s with dependent 779. 
Lemma 4.2. Let r\' := (771, ... , 7/7) and V := (I\, . . . , I7). Then 

\M c {B)\ = —?= Y, e s (I')V s (<Jlh....,<JU 7 ;B) + O c (B(logB) 2 ), 



T7'eOi«x---x0 7 



where 



and 



1 
*4*6 •/(v / tT,...,v / t7,>js)e-R-(B) 



V s (ti,...,t 7 ;B) := —J / c1t7 8 



# 8 (I'):=n^. P W))- 
p 

Here, J P (V) := {j € {1, . . . , 7} : p | Ij} and 
'1 if J = 0, {5}, {6}, {7}, 

1 - W tfJ = W> * 3 >' < 4 >' i 1 ' 2 >' i 1 ' 3 >' i 1 ' 4 >' * 2 ' 7 >' * 3 ' 5 >' * 4 ' 6 >' 



7 i.p 



(J) ■= < 



otherwise. 



Proof. We apply |DF13[ Proposition 5.3] with {A U A ) := (2,7), (B 1 ,B 2 ,B ) := 
(3,5,8), (Ci,C2,Co) := (4,6,9), D := 1, ucB instead of J5, andlli, n 2 as suggested 
in JDF131 Remark 5.2]. 

As in Lemma [2.21 we see that the main arising from [DF131 Proposition 5.3] is 
the main term in the lemma, so it remains to deal with the error term. 

For given rj' and B, the set of all 7/g € C with (771 , . . . , 77s) € !Z(ucB) is contained 
in the union of two balls of radius 

R(V , u C B) « c j {BmilhI 2 hll))1/2 if m = Q 

Indeed, this follows from |DF13[ Lemma 3.4, (1)], applied to (|4.5[t . if 777 ^ and 
from (14. ip if 777 = 0. 
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Hence, the error term is 

„ v^ r,u K (i 1 i i )+u K (i 1 i 2 i 3 ) f R(ri';ucB) 

r)', ((4T8J, I4M v v by 

where, using (|4.2[) . (|4.3p . the sum runs over all 77' with 

<K(i?if if if /f ig) < B, and (4.8) 

'3 



rf\{llllltlthhh) < B. (4.9) 



Let us first estimate the sum over all 77' with 777 7^ 0. We may sum over the Ij 
instead of the Tjj and obtain 

_ / Rl/2 

C ^^ ^(/ 2 /|)l/2 +i 

w 2 w| /2 w 3 3/2 w 4 3/2 w 5 w 7 + wfwpupup^UrJ 

<B(logB) 2 . 

Now we assume that 777 = and sum over the remaining variables. We obtain 
the upper bound 

<Cc V 2" K{IlIi)+ulK{ - Ill2h) ( ?— hi] 

< B 3/i log B + B 1/2 (log B) 3 < B 3/4 log B. D 

4.2.2. The second summation overrj-j. 

Lemma 4.3. Write rj" := (771, . . . ,f]e). We have 

\Mc(B)\=(-7==\ E A(6 s (I'),I 7 )Vr(MI 1 ,...,VU 6 ;B) 

+ Oc(B(log£0 2 ), 
where, for ti,...,te > 1, 

V 7 (ti,...,t 6 ;B) := — -J / di 7 d77 8 , 

C 4t 6 J( v / TT,---,v / ^^8)eK(B) 

wit/i a positive variable t 7 and a complex variable r]g . 

Proof. We apply [DF13, Proposition 6.1] as suggested in |DF131 Section 6] in the 
case bo — 1. We have 



|M C (B)| = - ?f L= ^ £ tf(/ 7 )ff(W7)+Oc(B(lo gj B) 2 ), (4.10) 

T7"ee>i»x---xo 6 » ')7€0 7 



^A"k| 



where t?(I 7 ) : = fl 8 (I') and g{t) := y 8 (0tZi,...,0U r 6 ,*;B). 

By |DF13I Lemma 5.4, Lemma 2.2], the function 7? satisfies JDF131 (6.1)] with 
C := and eg := 2 UK ^ Is - I <>\ 
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By (Oil, w e have g(t) = whenever t > t 2 := B/tOtZfOtffWfWfOtfsOtZe), 
and by [DF131 Lemma 3.4, (2)] applied to (|4.5p . we obtain 

i (mhmijB) 1 / 2 _ B 1 ' 2 

By [DF131 Proposition 6.1], the sum over 777 in (J4.10I) is just 
^((0))s(0) + -==-A(tf(a), a, 0*) / 5 (t) dt 

Vl A A'| Jt>l 

( ou> K (hI a -I 6 )p>l/2 R l/2 \ 

+ " * 



V^/ 3 1/2 aT/ 4 1/2 aT/5^-f6 ^/i /2 ot/ 2 W3 0^/4 w 5 1/2 oir 6 1/2 / ' 

Due to (J4.2D . #((0))<?(0) and / g(t)dt are dominated by the error term, so the 
main term in the lemma is correct. 

Let us consider the error term. Both the sum and the integral are zero whenever 
rj" violates (|4.2I) . We may sum over the (Ii, . . . , Jg) satisfying (|4.8p instead of the 
r/", so the error term is 

B 



I", <RIj<B V^"! 



:/2 ou 2 o^/| /2 au4 /2 au5 /2 au6 /2 / 

< B log B. D 

Lemma 4.4. //I" runs over all six-tuples (I\, . . . ,Iq) of nonzero ideals of Ok then 
we have 

Nu 3 ,h(B)= f-A=f J Y / A(0 8 (I'),I r )V7(VlIi,...,m;B) + O(B(logB) 2 ). 

\V\ a k\J v , 

Proof. This is analogous to |DF13[ Lemma 9.4]. D 

4.2.3. The remaining summations. 
Lemma 4.5. We have 

N U3tH {B)=(—?=\ (**) 6 Q Vo(B)+0(B(\ogB)Hog\ogB), 

where 9q is as in (JT77J) and 

Vo(B):= f I, * d77i---d77 8 , 



( Vl ,... m )en(B) 
IML,...,lhelL>i 



WmvlW 



^c 



with complex variables r\\ , . . . , f]% . 

Proof. By |DF13[ Lemma 3.4, (5)] applied to (|4~5|) . we have 



B 3/4 B ( B \- 1/4 



V 7 {t X ,...,U;B) « t y 2t y sl j At y h y 2 ^ . . . ^ ^2,3,3^2 

We apply |DF13I Proposition 7.3] with r — 5 and use polar coordinates. □ 
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4.3. Proof of Theorem [TH] for 5 3 . 

Lemma 4.6. Leta(S 3 ), w 00 (S , 3 ) be as in Theorem[TJ\ and 11(B) as in (14. lj) - (14.51) . 
Define 

v o( B ) : = fai,...,i»)ew(fl) „ 2|| dqi • • • dr? 8; 

where r)i, . . . ,r]s are complex variables. Then 

7r 6 a(S 3 )woo(S 3 )B(logB) 5 = 4V '(B). (4.11) 

Proo/. Let m:V2,V4,V5,Ve <E C, P > 0, and define i := (B ||*7i?72»74»75*76|| 0o ) 1/ ' 2 - Let 
^73 j ^T i % be complex variables. After the coordinate transformation z$ — l~ l ' 3 r]5 ■ 
rj s , z\ = I^ 1/3 tlim' l ll'n5'>l6 ■ V3, z 2 = l^^ilimViVe ■ V7, we have 

Woo(5 3 ) = — / ■ n 2T^d?7 3 dry 7 dry 8 . (4.12) 

Since the negative curves [Ei], . . . , [E 6 ] generate the effective cone of S3, and 
[-Kg 3 ] = [4Ei + 2E 2 + 3P 3 + 3P 4 + 2P 5 + 2E 6 ], [DF131 Lemma 8.1] gives 

f a \n m5- 1 f d?7i di]2 di] 4 d?? 5 d?? 6 

a{ 3K g } - 3^ >ll-.ll*IL ; D*D..D|»D r ,IM.>x IM^r^U ' 

(4.13) 
The lemma follows by substituting (J4TT^|) and (|4"?T5Jl in (J4TTT1) . D 

To finish our proof, we compare Vq(B) from Lemma 14.51 with V '(P) defined 

in Lemma 14.61 We show that, starting from Vq(B), we can add the condition 

7 7i ? 72 ? 74 7 75 7 76 — E and remove H^H^ > 1 with negligible error. First, we note 

that (|4.2[) . together with 1 1 ?73 1 1 o^ > 1 implies the condition I T?f??2' ? ?I ? 75 ? ?6 — B i so 

we can add it to the domain of integration for V$(B) without changing the result. 

Using |DF131 Lemma 3.4, (3)] applied to (|4.5[) to bound the integral over 777, 77s, 
we see that an upper bound for Vq(B) — Vq(B) is given by 

f P 3/4 
« bn\\^\\m\\^bu\\^\M\^\\ve\\ x >i—2 — TJ1 d m ■■■ d m « B (log B) . 

Using Lemma 14.51 and Lemma |4.6[ this implies Theorem II .11 for S 3 . 



5. The quartic del Pezzo surface of type D 5 

5.1. Passage to a universal torsor. We use the notation of [Dcr06], except that 
we switch 777 with r/g,. 




Figure 4. Configuration of curves on S4 
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For any given C = (C* , . . . , C 5 ) G C 6 , we define m c := "^{ClC^ 1 ■ ■ ■ Of 1 ) and 



O x := C3Q- 1 


2 : 


= C^" 1 


ir\ . r~i s~i—l/~i—l/-i—l 
^3 •— ^0^1 ^2 °3 




O4 := C2O3 


O5 := CiC 2 06 : = C5 




7 := CbCf 1 


/O . /~* /O /^~(3/^y— l/^f— l/^f— 1/^y— l/^r— 1 
^8 ■— <^0 1^9 ■— ^o^l C/ 2 °3 °4 °5 




Let 


. [Of, *G{1,...,6}, 
'*" \Oj, 7 G {7,8,9}. 




For r/j e £>•,-, let 


ir-=ViOf. 




For B > 0, let 7e(B) 


be the set of all (rji, . . . , 7j 8 ) e C 8 with 772776 7^ and 






ll^l^elL < B, 


(5-1) 




Wvimmvlvh^Woo < B : 


(5.2) 




hivhhlvhlmW^ < s, 


(5.3) 




hl^2??3^4%??6??8 L - B ' 


(5.4) 








CO 


(5.5) 



and let Mq{E) be the set of all 

(771,..., 779) e d* x ••• x Og* 
that satisfy the height conditions 

(m, ■■■,Vs) G K(u c B), 
the torsor equation 

mvl + m-nlm + mvlrf = o, (5.6) 

and the coprimality conditions 

Ij + Ik = Ok for all distinct nonadjacent vertices Ej, Ek in Figure |U (5.7) 
Lemma 5.1. We have 

Nu<,h{B) = \Y. \ M o{B)\- 

LOts — 

A cee 6 

Proof. The lemma is a special case of [DF131 Claim 4.1], which, as before, we prove 

by proving first |DF131 Claim 4.2], starting from the curves E% = {yo = 0}, 

4 0) := { Vl = 0}, £< 0) := {2/ 2 = 0}, E^ 0} := {-y yj - yf = 0} in P|, for the 
sequence of blow-ups 

(1) blow up E^ n Ef ] n E^°\ giving E^ \ 

(2) blow up EP n EP n E^\ giving £?f } , 

(3) blow up Ef> n S| 2) n E$\ giving Ef \ 

(4) blow up e{ 3) n E^ 3 \ giving ^ 4) , 

(5) blow up E^ ] n ^ 4) , giving Ef\ 

With the inverse 7r o p~~ x : f K — -■> S4 of the projection p o n^ 1 : 54 — * F K , 
(x Q : ■ ■ ■ : x 4 ) i-> (»o : x 2 : £3) given by 

(yo : yi ■ yi) h- (yo : yoy 2 : yoyi : yoy2 : -{vovl + vl)), 

and the map $> from JDF131 Claim 4.2] sending (771, ... , 779) to 

/653424 2 222432322 3222 \ 

Wl^^^^*. ')l'/2')3»/4% 7 /7. "Jl^^^^^^, ^l^^^^^S, %), 
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we see that the requirements of [DF131 Lemma 4.3] are satisfied, so [DF131 Claim 
6.2] holds for i = 0. 

As in the proof of Lemma l3~Tl we apply |DF131 Remark 4.5] for steps (1), (2), (3). 
For (1), we define rfg G C x with [I' 3 +I 7 +Ig\ = [Cf 1 ] such that Ig = / 3 + / 7 + / 9 . We 
must use the relation ngrj'g 2 + 779 + r)'g 2 r)'} 3 = to check the coprimality conditions 
for 773, 775, 777,779, namely Ig + Ig = Ok (this holds because of the relation and 
Ig + I" + Ig = O k by construction) and Ig + 11} + Ig = O k (this holds because of 
the relation and Ig + Ig + Ig = Ok by construction and the coprimality condition 
Ig + Ig = O k provided by the proof of [DF131 Lemma 4.4]). 

For (2) , we define rfl G C 2 with [7 3 + I' 5 + Ig] = [C^ 1 ] such that Ig = I' 3 + 1' 5 + I g . 
The relation is ngrj'g 2 + rj'g + rjgrjg 2 !]'} 3 = 0. We check the coprimality conditions 
I3 + I's = °k (this holds because of the relation and Ig + Ig + Ig = O k by 
construction) and Ig+Ig = Ok (this holds because of the relation and Ig+Ig = Ok 
as just shown and Ig + Ig = Ok by the proof of [DF131 Lemma 4.4]). 

For (3), we define 77'/ G C 3 with [7 3 + 1' 4 + Ig] = [C3" 1 ] such that Ig = I' 3 + I' A + I g . 
The relation is rfgrfg" 2 + r)'g + rjgrfg 2 rf} 3 = 0. We check the coprimality conditions 
are Ig + Ig = Ok (this holds because of the relation and Ig + Ig + Ig = Ok by 
construction), Ig+Ig = Ok (this holds because of the relation and Ig+Ig = Ok as 
just shown Ig + Ig = O k as before and Ig + Ig = O k as before) and Ig + Ig = O k 
(this holds because of the relation and Ig+Ig = Ok as just shown and Ig+Ig = Ok 
as before). 

For (4) and (5), we can apply |DF131 Lemma 4.4]. This proves |DF131 Claim 
6.2], and we deduce [DF131 Claim 6.1] as in JDF131 Lemma 9.1]. □ 

5.2. Summations. 

5.2.1. The first summation over 77s with dependent 779. Let r/' := (771, . . . ,777) and 
V := (h,...,h). Let O (I') := U P ^o, P (J P (I')), where J p (V) := {j G {1.....7} : 
p I Ij} and 

(1 ifJ = 0,{l},{2},{3},{4},{5},{6},{7}, 
0o,p(J):=< or J = {1,2}, {1,3}, {1,4}, {2,6}, {4,5}, {5, 7}, 

I otherwise. 

We apply |DF131 Proposition 5.3] with (A U A 2 ,A ) := (4,5,7), {B l ,B ) := 
(3, 8), (Ci, C 2 , C ) := (2, 6, 9), and D := 1. For given 771, 772, ?7 6 , we write 

7?477 5 2 77 7 3 = 77^11(7^) = Ililll, 

where ill, II2 are chosen as follows: Let 21 = 21(771,772,776) be a prime ideal not 
dividing IxIzIq such that 210 7 ~ 1 08 = 2lCi is a principal fractional ideal tOK, for 
a suitable t = £(771,772,776) G K x . Then we define 1L2 = 112(771,772,776) := 7777; and 
LTi := III (771, 772,775) := 77 4 77 2 777^ 2 . 

Lemma 5.2. We have 

\M c (B)\ = -^== Y, s ( V ',C)Vs(mh,...,mi r ,B)+O c (B), 

where 



xo 7 



V s (ti,...,tT,B) := —j / d77 8 , 

t2t 6 J(^T[,...,^u m )en{B) 
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with a complex variable r/s- Moreover, 



t r \Iih ' p mod t c J 2 /| 

t c +I 3 l4=0 K P K +t t l2ll=0 K 



with 



e/ 8 (1 ,« c ) — «o (1 J j * i t T i r n • 

-ffere, A := —rj4 L i] 2 /(t(r/i,r/2,r]e) 2 r]3), and rfjA is invertible modulo t c hli whenever 
0o(I') ^ 0. 

Proof. As in Lemma T3. 21 we see that the main term from [DF131 Proposition 5.3] 
is the one given in the lemma. Let us consider the error term. For given r)', the 
set of all 778 with (r/i, . . . , T]g) G 1Z(ucB) has bounded class and is contained in two 
balls of radius 

R(W-n B]<< JB^m(ltl^I^I^lil^ ifr^O 

R(v ,ucB) « { {Bmmmihh)) y> ii7]7 = o. 

If V7 7^ this follows from taking the geometric mean of both expressions in the 
minimum in [DF131 Lemma 3.5, (1)] applied to (15.51) . If 7/7 = then it follows from 
(|5.4[) . Thus, the error term is 

„ V^ nLu K (i 1 i 2 )+m K (i 1 i i h)+Lu K (i 1 i 2 i 6 ) ( R(r)';u c B) \ 

where, using (|5.1[) and (|5.3p . the sum runs over all r/' £ Oi* x • • • x O7* with 

m(lfllllltllli) < B, and (5.8) 

<tt(/ 4 /f Jf/f J 5 2 l|l 7 ) < B. (5.9) 

The sum over all rj' with 777 ^ is bounded by 



^ \^ 0^K(Ill2)+^K(IlIih)+^ K (Ill2h) I ~ I 1 

c ^ \ (fnr n mr?mT,mT?mT?mr3M/8 

r, GSD 



(0tZ29t/|0tZ 4 0lZf(nZ|0Ti?) 1 /8 



« E 



l M (' / "Mi" l-Vli / "Mf l-Sl." J """■ Mi"/ ■ " . ' l / 1 . ' W .-, . ' I. / . . . ' L / i . ' W - . ' I. 

Zi,...,J 6 



K 9l7f /a 9U|9Tj| /2 9fU|9Uf /a 9U| /a WfWiat/ 3 2 atffat/iat/ 6 2 



The sum over all r) 1 with 777 = is bounded by 

_ / R 1 / 2 

<£- V^ r ) U K (I 1 I 2 )+UJ K (I 1 I 4 h)+UJ K (I 1 l2l6) f r L 

c T ^ T \{mifmiimiimiimhmiiy/ 2 

. / *)K(Ii/Js)+<Jif(/i/2/e) R3/4 owr-(/i/4/5)+wk(/i/2/6)r1/2\ 

<c y^ 2 wk(Zi/2) - - + - - 

N Iu IlM \9v?9*i 2 11/4 9t4 /4 9tz|w 6 5/2 9ti?o^ /2 9?4 /2 ou|9tzf ) 

«5 3 / 4 + B 1 / 2 «5 3 / 4 . □ 
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5.2.2. The second summation over 777 . We define 



,(!'):= Y ^fe s (i'x). 



i c +i 3 ii=0 K 



Lemma 5.3. Write r\" := (rji, . . . ,t]q). We have 



\Mc(B)\=[-J^ = i) E A(e' s (ni 7 )v 7 (mh,...,mi 6 ;B) 

\Vl A ^l/ r,"eo 1 ,x-xo 6 , 
+ O c (B (log B) 3 ), 



where, for t\ , . . . , tg > L 

V 7 (ti,...,i 6 ;B) := — j / _ di 7 d?7 8 , 

t2l 6 J (y/H,...,^,r, 8 )£K(B) 

with a positive variable tj and a complex variable r]g . 
Proof. We write 

vl A «U"gOi.x..-x0 8 . t c |A/ a Jttc 

where 

£ := £ W E 5(^7), 

I76O7 p mod{ c / 2 /| 

pe>ic+« c /2/ 6 2 =e>K 

with tf(I 7 ) := 8 (I',*c) and g(t) := V^(*n/i, . . . ,0tZ 6 ,t; B). As in Lemma 1331 the 
function tf satisfies [DF131 (6.1)] with C := 0, c& := 2 UJK( - Ill2l3hIe \ Moreover, by 
(ICTl . we have g(£) = whenever t > t 2 := B x / 2 /{Wi*WI ,2 WI /2 WaW 5 ), and by 
[DF131 Lemm a 3.5, (2)] applied to ([53]) . we obtain 5 (i) < B 1 / 2 /^^ 2 ^ 72 ^^). 
By [DF131 Proposition 6.1], we have 

E = tf((0)) 5 (0) + -^^(e c / 2 / 6 2 )^(a),a,« c / 2 / 6 2 ) / 5 (i) di 

+ { mi^mi^mi, U^ 1/2 ^ 3 1/4 w| /2 w 5 1/2 + / / ' 

where the contribution of •&((0))g(0) and of J g(t)dt is dominated by the error 
term. Using |DF131 Lemma 6.3], we see that this gives the correct main term in 
the lemma. 

Summing the error term over Ij and 6 C , we obtain an upper bound 

^^ / 2 U ' K (hl2)+UK(Ix—IiIe) £3/4 2"^( / i / 2)+ LJ A-(/i-/4/e)^l/2 W_g\ 

£ lB [w? 2 miv*mi* / <mil /2 wl /2 + ^uf^ ) 

/ 2 u k(IiI2)+u k (Ii- -t^BloeB 2 UJK( - Ill2 ^ +u ' K( - Il " I ^B(\ogB) 2 \ 

9<U,<-B 

<B(logB) 2 + B(logB) 3 <B(logB) 3 . D 
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Lemma 5.4. //I" runs over all six-tuples (I\, . . . ,Iq) of nonzero ideals of Ok then 
we have 

\V\ a k\J v , 
Proof. This is analogous to [DF131 Lemma 9.4]. □ 

5.2.3. The remaining summations. 
Lemma 5.5. We have 

N Ui>H (B)= (-7=) (j£) e V (B) + O(B(logB) i hg\ogB), 

where 9q is as in (|1.7p and 

V (B) := / 2 T1 — d.771 • • • dr/ s , 

( m ,...,n s )eiz(B) 

ML,-,IML>i 

with complex variables r\\ , . . . , r\% . 

Proof. By JDF131 Lemma 3.5, (5)] applied to (|5.5p . we have 

B 5 / 6 B f B \' 1/6 

V 7 ( tl ,...,t 6 ;B) « ^1/^,3^3^/3 - h ___ t6 { ttmtit 2 tt ) ■ 

We apply [DF131 Proposition 7.3] with r = 5 and use polar coordinates. □ 

5.3. Proof of Theorem 11.11 for Sa. 

Lemma 5.6. Let a(S4), 1000(84) be as in Theorem \l.li 71(B) as in (15. 1[) - (15.51) . 
and define 

Vo(B) := / ( m ,...,r, s )£K(B) M-— 2]] d^i ■ ■ ■ d?? 8 , 

J IMU, \\m\\ x , IMU, IML, lk 6 IL>l l^ 2 %lloo 

where 771, ... ,T]s are complex variables. Then 

it 6 aiS^ooiS^B {log Bf = 4F '(B). (5.10) 

Proof. Let 771 , n 2 , 774 , 775 , rj 6 £ C, B > 0, and Z := (B WvivhlvsVeW^Y^- Lct 
773,777, 778 be complex variables. We apply the coordinate transformation zo = 
7-1/3^3^2^3 . ^ Z2 _ l- 1 / 3 7 ll n 2 r]47j 5 r] 6 ■ 7/7, z 3 = Z -1 / 3 • ?y 8 to w 00 (S , 4 ) and 
obtain 



12 ||»7l?727]4775%|loo f L 

5 J( m ,..., V8 )eii(B) \\V2VU, 



Woo(5 4 ) = — 75 / n„ 211 d7 73 0777 cl77 8 . (5.11) 



Since the negative curves [E\], • • • , [Eg] generate the effective cone of S4, and 
-K §4 ] = [6E1 + hE 2 + 3E 3 + AE 4 + 2E 5 + AE 6 ], JDF13I Lemma 8.1] gives 

1 f drji d77 2 d?7 4 d?7 5 d?7 6 



a(S 4 )(logB) 5 = ^J {l 



3Tr 5 ,/llmlU, fell J^ll- M- M-^ 1 hi 772774775776 I 



oo 



(5.12) 
The lemma follows by substituting (j5~iTl) and (p5~T2")) in ([5~TU| . D 
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To finish our proof, we compare Vo(B) defined in Lemma 1531 with Vq(B) defined 
in Lemma [531 Starting from Vq(B), we can add the condition H^i^l 7 ?! 7 ?!^!!! — 
B and remove 1 1 773 1 1 00 > 1 with negligible error. Indeed, adding the condition 
|| 7 7i 7 72 ? 74 7 ?5 ? 76|| — B to the domain of integration for Vq{B) does not change the 
result. Using |DF131 Lemma 3.5, (3)] applied to (j5.5[) to bound the integral over 
r?7, T]s, we see that Vq(B) — Vq{B) is 

>i „ 3 B 2 J/ ln^ dm '" dm<<B{logB)4 - 

<B 



« 



'/1 



II 'fell 



II 'Mil 



II '/(i I. 



IML<i 
Using Lemma 15.51 and Lemma 15.61 this implies Theorem II .11 for £4 
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